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Using Integrating Factor Method to Solve Some
Types of Fractional Differential Equations

Chii-Huei Yu

Abstract—This paper uses integrating factor method,
product rule and chain rule for fractional derivatives to find
the general solutions of some types of first order fractional
differential equations, regarding Jumarie’s modified
Riemann-Liouville (R-L) fractional derivative. Moreover, an
example is proposed to illustrate our result.

Index Terms—Integrating factor method, Product rule,
Chain rule, Jumarie’s modified R-L fractional derivative.

I. INTRODUCTION

The derivative of non-integer order has been an
interesting research topic for several centuries. The idea was
motivated by the question, “ What does it mean by

1
;—xf/z—z F(x)? ™, asked by L'Hospital in 1695 in his letters to
Leibniz [1-3]. Since then, the mathematicians tried to
answer this question for centuries in several points of view.
The outcomes are many folds. Many various types of
fractional derivatives were introduced: Riemann-Liouville,
Caputo, Hadamard, Erd elyi-Kober, Gr’'unwald-Letnikov,
Marchaud and Riesz are just a few to name [4-6].

Fractional differential equations can describe the
dynamics of several complex and nonlocal systems with
memory. They arise in many scientific and engineering
areas such as physics, chemistry, biology, biophysics,
economics, control theory, signal and image processing, etc
[5-10]. The general solution of exact fractional differential
equation has been obtain [11]. In this article, we study some
types of non-exact fractional differential equation, regarding
the Jumarie type of modified Riemann-Liouville (R-L)
fractional derivatives. We define a new multiplication of
fractional functions and use the integrating factor method,
the product rule and chain rule for fractional derivatives to
find the general solutions of these special fractional
differential equations. In fact, our results are generalizations
of classical ordinary differential equations. Furthermore, an
example is given to demonstrate the advantage of our result.
In addition, the papers study on fractional differential
equations can refer to [11-14].
hasis; do not underline.

Il. PRELIMINARIES AND METHODS

At first, we introduce the fractional calculus used in this

paper.
Definition 2.1: Suppose that « is a real number and m
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is a positive integer.Then the modified R-L fractional
derivative of Jumarie type is defined by ([15])

DX [f ()]
1
I'(—a)

J(x — 1) 1f(1)dr, ifa<0

a

ﬁj_xfcx—r)-a[f(r) ~f@ldr if0<a<1

m
dx_m(ancl_m)[f(x)]. fm<a<m+1
()
wherel'(y) = f0°° t¥~letdt is the gamma function defined
on y>0 : If
(D) [F O] = (D) (DE) = (DH)F ()] exists,

then f(x) is called n-th order a-fractional differentiable
function, and (D%)"[f(x)] is the n -th order
a -fractionalderivative of f(x). On the other hand, we
definethe a -fractional integral of f(x), JZ[f(x)] =
«D7%[f(x)], wherea > 0, and f(x) is called a-fractional
integral function. Furthermore, if M,(x% y%) is a
two-variable a-fractional function defined on[a, b] X [c, d],
then we define ,0;7[M,(x% y%)] and .9y [M,(x%, y*)]
are o-fractional partial derivatives with respect to x and y
respectively. And, JEIM, (x%, y*)] and
oJy [My (x%,y*)] are a-fractional integrals with respect
toxand yrespectively.
Proposition 2.2:
0 <a<1,then

If a,8,c are real constants and

r 1 _ .
oDE[xf] = ¢ /z([i :+)1)xﬁ  iff > a @)
OD)? [C] = 0! (3)

and

()] = rms <P, 1B > 1.4

Definition 2.3 ([17]): TheMittag-Leffler function is
defined by

k
E.(2) = Xi=o m ®)
wherea is a real number, a >0, and z is a complex
variable.
Definition 2.4 ([14]): E,(Ax*) is called « -order
fractional exponential function. The « -order fractional
cosine and sine function are defined as follows:

k 32k, 2ka
ay _ voo (DA% x
c0s, (Ax®) = Vit S

(6)

and
i a _ o (_1)k12k+1x(2k+1)a
sin, (AX ) = Zk=0 —F((2k+1)a+1) y (7)

where 0 <a <1, A4 is a complex number, and x is a
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realvariable.

Next, we define a new multiplication of fractional
functions.

Definition 2.5 ([16]): LetA,u,z be complex numbers,

0<a<1,jl k be non-negative integers, and a,, b, be
1

real numbers, p,(z) = D zKk for all k. The ®
multiplication is defined by
p; (Ax*) ® pi(uy*)
1 ) 1
= — ayj —_— al

fGar D™ Oty W

— 1 j+ l) ayj ayl

=) e @
where (J + l) = M

] jut

If f,(Ax*) andg, (uy*) are two fractional functions,
foQx®) = B a peAx) = T s A,
, 9)
9o (y®) = Lo bie e (y™) = Loty Wy,
(10)
then we define
fa(Ax%) @ go (uy™)

= Z aj p(Ax%) ® Z by pi (y®)
k=0 k=0
= Z?=O(Z§1:O ak—mbmpk—m (Axa) ® Pm (ﬂya))- (11)
Proposition 2.6:  f,(1x%) & g, (uy®)
— Zoo 1 Ek (k) a b (Axu)k—m( a)m
k=0 T(ka+1) m=0 m k—mUm uy .
(12)
Definition 2.7: Let (£,(1x)®" = £,(1x*) ® - ®
fo(Ax*) be thentimes product of the fractional function

fuQx®). If f,(x*) ® g,(Ax*) =1, then g,(Ax*) is
called the & reciprocal of f,(Ax*), and is denoted by

(e (Ax))® ™.

Theorem 2.8 (product rule for fractional derivatives)
([16]): f O0<a<1, Au are complex numbers,
andf;, , g, are fractional functions. Then

(oD )[fe (Ax%) ® g (ux™)]

= (oDO)fe Ax)] @ gu(ux®) + £ (Ax®) @ (oDF)[ga (ux)].
(13)

Theorem 2.9 (chain rule for fractional derivatives)

([16]) If f(Z) = 21?:0 aj Zkv Ya (ﬂxa) = 2[?:0 bk Pk (,lea). Let

foa(9ax®) = T0 ai (90 (ux) ™" fipu (g0 (ux®)) =

21 g k(g (ux) 4™, then

(oD9)| fou(9a @x™)] = fga(9a@x®)) ® (oDF)[ga(ux)].

(14)
Definition 2.10:Let X,y be real
variables, y =y(x):[a,b] = [c,d],y(a) =c,0<a < 1.

Suppose that M, (x*,y*), N,(x% y*) defined on[a, b] X
[c,d], and have continuous first-order a-fractional partial
derivatives, N,(x% y*) # 0 ,then

D)) = =My (6%, y9) ® (No(x%,y%))® ™"

(15)
iscalled exact o -fractional differential equation, if
g
WVUIR

Oy [Mo (x%, y*)] = 405 [N (x%, y)].

Theorem 2.11:Let the assumptions be the same as
Definition 2.10, and C be a constant. Then the a-fractional
differential equation

D[] = =M, (2%, y9) ® (No (x,y)
is exact if and only if it has the general solution
F(x%,y*) = Ji Mo (x%,y)]+ Jy[Ne(a,y*)] = C.
(16)
Proof Only if part Let F(x% y*) be two
variables a-fractional function such that

aOx [F(x®,y*)] = My (x%, y%)
Oy [F(x%, y®)] = No (x*, y%).
Then F(x®,y*) = J¥ M (x%,y)]+ g0 for
some a-fractional functiong (y“), and hence
DF PO,y = oJi | 05 Mo (6%, y)]| + g ).
(18)
0y [Mo (x%,y9)] = 404 [No (x%,y%)], it follows

17)

Since
that
DSIFQ Yy = oJf [ a0F INa (%, y]| + g' (79
= N, (x%,y*) = Ne(a,y) + g' (7).
(19)
Thus, g (y“) = Nu(a,y*).Takeg(y®) = Jy[Nq(a,y*)I,
then
F(x®y%) = J¥ Mo (x*, )] + Jy [Ne(a, y*)].
(20)
Therefore, if F(x% y%) = C determines a a -fractional
implicit functiony = y(x%), i.e.,
F(x%,y(x®) = C. (21)
Then fractional differentiating x on both sides of Eq. (21),
we can obtain
WOx [F(x,y)]+ 0y [F(x*,y)] ® Dy [y(x*)] = 0.
(22)
And hence, Eq. (15) holds. This means the implicit function
y = y(x%)determined by Eqg. (21) is the solution of Egq.
(15). Thus, F(x% y*) = C is the general solution of Eq.
(15).
If part : Using Egs. (17) yields
0 [ OFF O,y = 05 M (x, 7D, (29)
and
208 [ OFIF (e, y ]| = 208 [No (x%, y9)].(24)

since (3¢ | O£ [F(x,yD]| = 408 [ 5 [F Gy, it
follows that
Oy [My (x%,y¥)] = 407 [Ne (x%,y%)].
Q.e.d.

Definition 2.12: If there exists a a-fractional function
Ue (x%,¥y*) # 0 such that

Oy [t (x,¥%) ® M, (x%, y*)]

= o0y [ (X", y*) & Ny (x*, y9)]. (25)
Then u,(x% y*) is called the o -fractional integrating
factor of Eq. (15).

I1l. RESULT AND EXAMPLE

The following is the main result in this paper.
Theorem 3.1:Suppose that the assumptions are the same
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as Definition 2.10.
Case 1. If there exists a a-fractional integrating factor
U (x®)of Eq. (15), then

(05 Mo (x%,y)] = o0 [No (x%,y)])
® (No(x%,y))®™ = (x),(26)
and
e (%) = Eq () p(xD]). 7
Case 2. If there is a a-fractional integrating factor
U (y®)of Eq. (15), then
( Ca;/Z [Ma(xaiya)] - aa;(l [Na(xaﬁya)])
® (M. (x%,y))% = 9(y),(28)
and
1o ) = Eo (( L)1),
Proof Case 1. Since
0y [ () @ My (x7, y®)]

= 07 [1a (x*) @ No (x%, y)],
it follows from product rule for fractional derivatives that

ta(x®) ® (05 [My(x®,y9)] = oDf [pe (x*)] &®

N (x%,¥%) + pa (x%) ® 407 [Ny (x%,¥y9)].  (30)
And hence,

Uo (x¥) ® ( Ca}t/z [Mg (x%,y*)] — 0% [Ng (x%, yu)])
= D7 [ta (x¥)] & No (x%,y).(31)

(29)

Therefore,
(e x))® ™ ® D& [e (x9)]
= (LM, (% y)] = (9 [N (%, y)]) @ (No (x%, ) ® 7",
(32)

So,

(OF My (x5, y)]

— W04 N, (%, y)]) ® (N (x%,y9))® " = 9(x%)
for some a-fractional function ¥ (x*). And

oDy e (xM)] = p (x*) @ P(x*). (33)
On the other hand, by chain rule for fractional derivatives,
we obtain

D¢ [Ee (L) )]
= B, ((J)GD]) @ p(x),

ie., E, (( al,‘,")[z/)(x“)])satisfies the first order a-fractional
differential equation Eq. (33). And hence, u,(x%) =

Ee () (]).
Case 2. Using the same method as Case 1, we can easily
obtain the desired result.Q.e.d.

Example 3.2: Considerthe first order 1/2 -fractional
differential equation

OD;/Z [y (xl/Z)] = cos1, (x1/2) Ry (xl/Z) + sinl/2 (xl/z).
(34)
Since the1/2-fractional integrating factor of Eq. (34) is

g, (x2) = B4y, (= o’;h) [cosiy, (x)])

= El/2 (—sin1/2 (X1/2)>. (35)

WV UIR

Then multiply E1/2 (—sim/z (xl/Z))on both sides of Eqg.
(34), we have

E1/2 (—sim/z (Xl/z)) ® (COSl/Z (Xl/z) Ry (Xl/z) +
sin12x12—-00x12yx12=0. (36)

Therefore,
-0, [Ey, (siny, (x"2)) @y (x2)]

oo (<) @ 81, (sin, (2))]| =0

@37)
And hence, the general solution of Eq. (34) is
F (xl/z,yl/z)
1
- ( °’x/2) [sinsy, (x72) ® £y, (‘Sim/z (x" 2)) -
F12—sin12x12Q yx12=C. (38)
Q.ed.

IV. CONCLUSION

As mentioned above, we can obtain the general solution
of some types of non-exact fractional differential equations
by using integrating factor method, product rule and chain
rule for fractional derivatives. Furthermore, our result is the
generalization of some types of classical ordinary
differential equations. On the other hand, the new
multiplication we defined is a natural operation in fractional
calculus. In the future, we will use the Jumarie type of
modified R-L fractional derivatives and the new
multiplication to research the topics on problems of applied
science and fractional calculus.
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