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On The Stability of Order 7 Rational Interpolation
Scheme for Solving Initial VValue Problems in
Ordinary Differential Equation

Ehiemua M. E., Agbeboh G.U.

Abstract- The validity of a method can be verified by analyzing
the stability property of a rational interpolation scheme. In this
article, investigation is carried out on a rational interpolation
scheme of order 7, through two major processes of converting
the resulting rational function to a complex outlook, and then,
transforming the complex function to a polar form, from which
the stability region of the method is constructed in the form of
Jordan Curve. The regions of stability and instability as well as
the encroachment interval of the scheme is determined with the
use of Maple-18 and Matlab packages

Index Terms- Rational Interpolation, Consistency, A-Stability,
Region of Instability, Region of Stability, Encroachment
interval

. INTRODUCTION

Numerical methods for evaluating systems of Ordinary
Differential Equations (ODESs) have been attracting much
attention because they proffer the solutions of problems
arising from the mathematical formulation of physical
situations such as those in chemical kinetics, population,
economic, political and social models. Numerical solution of
ordinary differential equations can be obtained using rational
integrators, such as linear multistep, Runge-Kutta and
exponential methods and many others.

The object of our study is the stability function of a general
rational integrator reported in Aashikpelokhai [1] and whose
underlying interpolant is a rational  function

PL(X)QM (X)il P,_ (X) and QM (X) are

polynomial functions of degrees L and M respectively.

where

The stability function of any integrator is what is normally
used in determining the Region of absolute stability of such
an integrator. A common yardstick which is used in the
determination of the Region of Absolute Stability (RAS) is

the unit ball in R" . The stability function S(h) is defined as
yn+l

the ratio ——

Yn
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Where Y1 = S(R) = R_,, ()
Y, |
and

[S(h)| <1 R (M) <L
According to Aashikpelokhai and Elakhe [1], it was shown
that |R, ,, ()| is A-Stable, if and only if M —2< L <M .

Consequently, we concentrate our attention on these
constrained values of L and M if we have to achieve A-Stable
method.

The works of Aashikpelokhai [2] and Agbeboh [3]
established that rational integrator methods, can solve
problems that are either stiff or non-stiff in nature. Agbeboh
and Aashikpelokhai [4] worked on implementation of
rational integrator, of order 26, which produced result that
compared favorably well with other existing methods without
really establishing the stability region of the method. All of
these works were basically for the improvement of numerical
solutions to initial value problems, which sets the foundation
for the study. The region of absolute stability (RAS), is the
same as the region in which the absolute value of the stability
function lies in the unit circle. As Aashikpelokhai [2] puts it,
the smallness of the individual error is called accuracy but the
ability to keep the effect of this error under control is called
stability. He further opined that the region of absolute
stability (RAS) of rational interpolation methods always lie
entirely on the left-half of the complex plane. Therefore, for a
rational interpolation method to be useful, it should possess
an appropriate stability property.

The overall aim of this study is to determine the stability
polynomial, and establish the region of absolute stability of a
rational integrator of order 7; that is when k = 4. Our
computational experience as exemplified by the works of
Aashikpelokhai [2], Fatunla and Aashikpelokhai [5], along
with the research work given by Fatunla [6], Lambert and
Shaw [7], Otunta and Ikhile [8], all give credence to the need
for rational integrators. To go about this there is need to first
establish the basic matrix of the method, which will give an
investigative advantage to obtain result easily. The
Crammer’s Rule is implemented to enable the determination
of the stability function of the method. Basically, there are
two ways of approaching the expansion of the stability
function; these will be through direct algebraic method using
F (u, v) and polar method of F(R, ¢ ). By employing the
binomial expansion on F (u, v), we established the complex

WWW.WJir.org



On The Stability of Order 7 Rational Interpolation Scheme for Solving Initial Value Problems in Ordinary Differential
Equation

integrating function and reduce the expansion to polar form at
which point we introduce F(R, @), where R represents the
polynomial of the complex integrator function, while
argument (¢ ) is the angle of rotation, about which the roots
of R, are determined. After the expansion, the integrator is
subjected to a sequence of solvability analysis to establish the
stability function for the rational integrator for the case k = 4.
The roots of the complex polynomial are determined to
enable the plotting of the Jordan curve, which will show both
the Region of Absolute stability (RAS) and the Region of
instability (RIS).

Il. STABILITY ANALYISIS OF THE METHOD

The general rational integrator formula for k =
4, is defined by:

3
2 PX

U(x) = —=2—— (2.0)
1+>.9.x"
r=1
and if given that:
U)=>cx' (2.2)
r=0
Therefore (2.1) can be written as:
3
0 z pl’xr
Do x =2 (2.3)
r=0 1+ g,x"
r=1
7 3 4
DX (1+quxrj:2prx’ (2.4)
r=0 r=1 r=0

Expanding and collecting equal coefficients of
X", we have
Po =%
Py = (S%a T ¢)
= (9%t t9)
Py = (G tedtod +6)
= (coq4+c1 q; +¢,q, +¢,q, +c4)

(2.5)

Ps = (¢ dy + ¢ a3 t¢39, +¢,q; +c)
Ps = (S0 T¢3a3 + ¢ +c5q; +¢)
Py = (¢34 +¢d3 +csd; +¢5q; +¢)
Where

Since the numerator is order 3, the integrator
parameters:

Py =Ps=Ps =P, = Pg =Py = Py =0, Hence

0
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CsQ; +CQ, +C,0; +C5q, =—C;
G0, +C,0, +C50; +C,q, =—C4
C,0, +C;Q, +C,0; +CQ, = —C4

C,0, +C,q, +C,0; +C,0, =—C,
So the matrix associated with this method is given
as:

(2.6)

% % %G| 9 -4
%959 R | % 2.7
%S9 Y% ~C
_Csczclco__q4_ __C4_
At integration point, X=X, ,,, and so, (2.2)
becomes
U (X) = Zcrxr:ﬂ (28)
r=0

But by Taylor series expansion of y, ., , we have

© 0 ()
Sex, =

(2.9)
r=0 r=0 r!
Which gives
hry(r)
CX ., = I” forr=0,123,... (2.10)
rt
From (2.9), we have
hry®
cr=|Lp (2.11)
MX,.a
Hence
{ 2 33 4 (4
h'yf]) by h-yﬁ) h-yf]]
WG % T 08T T 3 % T 0%
Ix AR 3x 41:x
ntl ntl ntl ntl
5 .09 6 _(6) 7.
:hyn _C:hyn .C:hyn
5% 6 77 7
I I I
5'Xn+1 6'Xn+1 7'XnH
Then (2.7) becomes:
1K 1K 1K 1k 1k
1 51 .5 .4 r.3 L
> Vbl 7 Ny « Yo+l 3 T+l R
1K 1 W o1 ¥ 1K |Gl |1
3.5 .4 ! 2 T
e U e YN nel || 92 " Xl
1K 1K 1k h 4| | 1 K
.4 ! 21! ! 5 5
! Y1 3! T jl\"*"‘ dy L
1K 1K h ; 1
.3 21 Iy [
¥ R jll"'” “ Yotl
(2.12)

However the use of matrix (2.12), will give us
investigative advantage to obtain results easily. When
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(2.12) is subjected to a test equation Y’ = 1y, it
becomes:

10
6! X,
1 h5
5|xn+1
1 h4
41 X,
1 h3
_3 o

Lh
51 X,
1 h4
4'xn+1
1 h3
3 X,
1 h2
21 X,

1h* 1h]
4xn+l QE
10 10 g
e, 20, g,
th e
2xn+1 X |0
h

X_ Yo

Where h = ih
By using Crammer’s rule on (2.13), we get the
values for q,,q,,q, and g, as follows:

‘157'

71 xn+1
1 h6
6! X,
1 h5
51 X,
1 h4
4 xm_

(2.13)

Let
1R 1R 1R 1R
6!x2+l 5!Xr‘?+l 4! X;l 3!Xr::’+l
l [‘_]5 i ﬁ4 l FIS l HZ
A Sixp, 4lxi, 3'x, 2!x, (2.14)
i1k am 6| ©
4!X:+1 3! Xr?+l 2! X Xn+1
1h 10 ﬁ y
_3' Xr:?+l 2' X§+1 Xn+1 | .
(LI S S i
7IX BIXC. Alx'. 31,
1h® 1h* 1R 1h
6Ix°, 41x, 3%, 2%
X = _n+1 _n+l 1*’1 _n+1 (215)
S|1h® 1R 1R b
BIX, 31X, 21X, X
1h* 1R* R y
Arxi, 20, %,
1ROIR AR 1R
6! Xr?+1 7 Xn+1 41 X:+1 3! ngl
1R 1R 1R
5IXC, 61X, 31, 2%
X _ _n+1 n+l _n+l _n+1 (216)
B A N S
41 X:+1 5 Xn+1 2! XI’?—*—l Xn+1
1n 1Rt h
3' Xl’il 4 Xn+l Xn+1 ' .
)
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1h°
61,
1 h5
5 Xn+1
1 h4
41 xn+l
1 h3
31K
1 h6
6 Xn+1
1 h5
5'Xn+l
1 h*
4'xn+1
1 h3
3 Xn+1

Therefore
det(X,)

1h®
5IXn+l
1 h4
4 xn+l
1 h3
3! X
1 h2
21 X2
1 h5
5 Xn+1
1 h4
41 Xt
1 h?
3'xn+l
1 h2
2 Xn+1

det(X,)

1h"
7 xn+1
1 h6
61,
1 h5
5'xn+1

10
31x3

n+1l

det(X,)

(2.17)

(2.18)

det(X,)

Bt (A) " det(a) et (A) ™ det(n)
With the use of Maple-18 package the following

values were obtained:

4h

04X =-—

Yo _

h2

7 | q2Xn2+1 7 lq3 n+1

2h°

h?

(1+A+B+C)+h(L+A+ B)+hz(1+ A+

] Xy=—=
205" 180
From (2.1), when expanded, we have:

(2.19)

Yy

1+A+B+C+D

Where A=q,X,,,,B=0, n+l'C 0, n+17D q,X n+l
Substituting into (2.13) and simplifying, we get:

S(h) ==

4h® +60h? +360h +840

h* —16h° +120h? — 480h +840

(2.20)

And (2.14) is called the stability function of the

method.

4h® +60h? +360h +840

S(h) =

By letting h =u+iv

p(u,

form (A+iB) , we obtain
A=4 — 12uv +60d° — 60V +360u+840 (2.23)

112

h*_16h°+120n% —480h +840

(2.21)

V) = 4(uHiv)* +60(u+iv)” +360u+360iv+840 (2.22)
Expanding (2.16) and converting to the
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- 2,4 § o0 i
B= (12" v =4V +120uv+360v) (224) P(R.6) =R cos{a) ~ 4R os(o) sin(o) ~6Rcos(o) sin(o)
Similarly § 0 ¢ § 1
=4R cos(0) sin[0) =R sin +‘2R' 00§
)= wtiv) =16 [u+i) + DD (uiv) - S0u-4i0iv  (225) o) slo] -R's ” ’ (¢)

£840 +96R70m{qi) sin(0 ] o6 cos(0 ) n(tb]
Expanding (2.25) and converting to the *32"7?05[@) [¢) ‘430R COS( ] - 960R C°5[°)45‘“(°]2 230
form (A+iB) , we obtain 0 (o) s + OR8] +620R s (o
Coa'=00'¥ 40 160 #4003 4100 =07 - 800430 @26) L’ s‘n('pf—u ar me)‘*
D= (40 v—duv — 48 v+16v +240uv—480v)  (2.27) sl 511[$) +l‘2000chs[¢)]

From (2.21) 3 Ul
_ () +5T600R" cos(9) in 1!1] - 01600R° cos(m + 1411200 R cos(0]
S(h) = () <1 holds if and only if
_ v Z Next to determine the various values of R, for the
|o(h)| <[y ()] and corresponding values of ¢ for 0< ¢ <2z
We have the following table:

[o(h)|=|w(h)[ <0

_ . s TABLE 1: Computed values of ¢ and R
|o(h)| = (A% +B?)

¢ R ¢ R ¢ R ] R
‘l//(h)‘ = (C2 + D2) 0 1916 | 5*pi9 | -891 | 10%pi9 | -18.53 | 3%pi3 | 1354
pi36 | 1012 | 7%pi36 | 1028 | 417pi36| 18.17 | 61%pi36| 1444
. (A" +B?)—(C*+D?) = pi/18 | 1900 | 11%pi/18 | -1148 | 7*pi/6 | -17.74 | 31%pi/18 | 1526
pi12 | 18.80 | 23%pi36 | 1256 | 43°pi36| 1724 | 7*pid | 1599
] R 1 I 00 | 1853 | 2%pi3 | 1354 | 11%pi% | 1665 | 16*pi% | 16.65
(411 -1uv +60u =60y -|-360u+840) -|-(12u v-4y 5*pi/36 | 1817 | 25%pif36 | -14.44 | 5*piid | -15.90 | 65%pi/36 | 17.24
) pif6 | 17.74 | 13*pv18 | 1526 | 23%pi/18| 1526 | 11%pi6 | 1774
4 21 43 1 1 Tepi36 | 17.24 | 3%pud | 1599 | 477pi36| 1444 | 677pi36 | 18.17

_ly = _ pU . pu i pi/ ! pil .
+120uv+360v) (u buv +v - lou +4uv +120u 27pi9 | 1665 | 77pi® | 1665 | 4%pi3 | 1354 | 177pi9 | 18.53
) 3 7 3 (2.28) pid | 1599 | 29%pi36 | -17.24 | 497pi/36 | -12.56 | 23%pu/12 | 18.80
-120v -480u +840) - (411 v=4uy -8uv+16v S*pi/18 | 1526 | 5*pif6 | -17.74 | 25%pi/18| 1148 | 35%pu/18| 19.00
) 117pi/36 | 1444 | 31%pu36 | -18.17 | 177p/12| -10.28 | 717pu/36 | 19.12
FUpy-480 V) pi3 | 1354 | 8*piS | -1853 | 13%pi9 | 891 | 2*pi | 19.16

13*pi/36 | 12.56 | 11*pi/12 | -18.80 | 53*pi/36| -7.21

T*pi/18 | 11.48 | 17*py18| -19.00 | 3*pi2 0.00
5*pi/12 | 10.28 | 35*pi/36 | -19.12 | 55%pu36| 7.21

Expanding we get: 40 | 801 pl | -19.16 | 14%pi9 | 801
44 26 $ 7 5 34 17*pi/36 7.21 37*p1/36 | -19.12 | 19*p/12| 10.28
- —duv —bu v —duv -y 320 +9%u v +%u v pi2 | 000 |197pi/18| -19.00 | 29%pi/18| ** **
6 6 4 14 5 19 19%pi/36 | 721 | 13*pi/12 | -18.80 | 59%pi/36
+32uv —480u —960u v —480u v +5280u +6720u v
2.29

siour -0 - s s ssm0ee @22 When the values are plotted t0 ge. uie vurudn CUTVE,

~ 2016000 + 14112000 we have:
Again converting (2.29) to polar form by letting s 7% 62

1 13.54

u = Rcos(¢); v= Rsin(¢) , we obtain:

2
\ 300 4FTE §

PLOT 1: Jordan plot of the method ('k =4)
RAS= Region of Absolute Stability
RIS- Region of Instability
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From the above curve, the method for k =4, is
observed to be A-stable. It can further be shown
that the method is also L-Stable, as can be seen

below:

Proof:

Let

_ 4h* +60h? +360h +840
S(h)==; — — — (2.31)
h* -16h°+120h“ —480h +840
Since
3 2
lim. 4h*+60h*+360h+840 _0 (2.32)

h>={ h*-16h®+120h%-480h+840

Therefore, the method with the stability function
(2.31) is L-Stable

I1l. DiscussioN AND CONCLUSION

After a successful expansion of the rational integrator, we
represented the Stability function in the form of polar curve
using MATLAB and MAPLE-18 packages. Thus, the
following findings are visible.

« It shows the region of absolute stability

» The exterior (outside) of the curve represent the region of
absolute stability (RAS) of the integrator.

* The Region of instability (RIS) is on the positive side of the
complex plane, which is within the stability (polar) curve.

* The rational integrator t is within the interval £19.16 where
T is the encroachment point.

It can be concluded that the Region of Absolute Stability
(RAS) of the rational Interpolation method lies entirely on the
Left-half of the complex plane. At the same time, the region
of instability (RIS), lies within the Jordan curve as seen from
the figure 1 above. This work revealed that, the Region of
Absolute Stability (RAS) for k=4 is a superset of the entire
left-half of the complex plane. Furthermore, the rational
interpolation scheme is not only A-stable, but also L- stable.
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