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 

Abstract— In this paper, we prove that 𝑴𝒑
∗ ≃ 𝑴𝒑  and 

reprove that 𝑴𝒑
∗𝒑! ∼ 𝑴𝒑. 

The consequent result is a stronger version of the conjecture 

𝑴𝒑 ⊂ 𝒑!𝑴𝒑
∗  which has been established by H. Komatsu [1]. 

 

Index Terms—About four key words or phrases in 

alphabetical order, separated by commas.  

 

 

§1.0 Preliminaries 

Let 𝑀𝑝  be a weight sequence of positive real numbers with 

the initial condition that 

𝑀0 = 1  and 𝑀𝑝 > 0  for all 𝑝 ∈ ℕ0  satisfying the given 

two conditions: 

(M.1) 
𝑀𝑝

𝑀𝑝+1
≤
𝑀𝑝−1

𝑀𝑝
, 𝑝 = 1, 2, 3, ⋯ ,𝑀𝑝 , 𝑀𝑝+1 ≠ 0. 

(M.2)  
𝑀𝑘−1

𝑀𝑘

∞
𝑘=𝑝+1 ≤ 𝐻𝑝

𝑀𝑝

𝑀𝑝+1
 for some positive real 

number 𝑝 = 1, 2, 3, ⋯ 

Remark 1 

The condition (M.1) can also be established as 

 
𝑀𝑘−1

𝑀𝑘

∞
𝑘=𝑝+1 ≤ 𝐻𝑝

𝑀𝑝−1

𝑀𝑝
. Also, 𝑝! ⊂ 𝐶𝐿𝑝𝑀𝑝  for some or all 

real numbers 𝐶 and 𝐿. 
Definition 1. We say that two real sequences 𝑀𝑝  and 𝑁𝑝  

are equivalent (denoted 

by 𝑀𝑝 ∼ 𝑁𝑝) if there exist some real positive constants 

𝐴, 𝐵 such that the following 

condition holds: 

𝐴𝑝𝑁𝑝 ≤ 𝑀𝑝 ≤ 𝐵
𝑝𝑁𝑝 , 𝑝 ∈ ℕ 

We can also say that the real sequence 𝑀𝑝  is equivalent to 

the real sequence 𝑁𝑝  if 

there exist a constant 𝐴 such that 𝑁𝑝 ≃ 𝐴
𝑝𝑀𝑝  and vice‐

versa. 

Remark 2: The sequence of real numbers defined above 

with the given two con‐ 

ditions are usually used to define various spaces of 

ultradifferentiable functions and 

spaces of ultradistributions. These spaces are invariant 

with respect to the equivalence 

 ((∼ “ (see Komatsu [1] for more details). The essence of 

this work is to show 

that 𝑀𝑝
∗ ≃ 𝑀𝑝  and reprove 𝑀𝑝

∗𝑝! ∼ 𝑀𝑝  which refines the 

Theorems 11.5 and 11.8 

in Komatsu [1]. 

Here let 
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𝑀𝑝 =  sup 𝑝! 𝑡𝑝  

𝑡 ∈ ℕ exp (𝑀∗(𝑡))’ 

𝑀𝑝
∗ =  sup 

𝑡𝑝

 exp (𝑀∗(𝑡))
 

Where 𝑀∗𝑡 , the associated function of 𝑀𝑝
∗ , given as 

𝑀∗(𝑡) =  sup  log (
𝑝!𝑡𝑝

𝑀𝑝
) , and 𝑀(𝑡) , associated function of 

𝑀𝑝  as 𝑀(𝑡) =  sup  log (
𝑡𝑝

𝑀𝑝
) . 

Theorem 1. If a sequence 𝑀𝑝  satisfies the conditions 

(M.1) and (M.2). Then 

𝑀𝑝
∗ ≃ 𝑀𝑝 , 𝑝 ∈ ℕand𝑀𝑝

∗𝑝! ∼ 𝑀𝑝 . 

Proof.  We first prove that 𝑀𝑝
∗𝑝! ∼ 𝑀𝑝 . 

sequence 𝑙𝑝 =
𝑝

𝑚𝑝
+  

1

𝑚𝑘

∞
𝑘≥𝑝 . 

Here 

𝑙𝑝 =
𝑝

𝑚𝑝
+ 

1

𝑚𝑘

∞

𝑘≥𝑝

∞ 

 

=
𝑝

𝑀𝑝
𝑀𝑝−1

+ 
1

𝑀𝑘
𝑀𝑘−1

∞

𝑘≥𝑝

 

=
𝑝𝑀𝑝−1

𝑀𝑝
+ 
𝑀𝑘−1

𝑀𝑘

∞

𝑘≥𝑝

 

To do this, let 𝑚𝑝 =
𝑀𝑝

𝑀𝑝−1
, and let the 

=
𝑝𝑀𝑝−1

𝑀𝑝
+
𝑀𝑝−1

𝑝
+  

𝑀𝑘−1

𝑀𝑘

∞

𝑘=𝑝+1

 

=
𝑀𝑝−1

𝑀𝑝
(𝑝 + 1) +  

𝑀𝑘−1

𝑀𝑘

∞
𝑘=𝑝+1  (1.1) 

 

Since 𝑀𝑝  satisfies the conditions (M.1) and (M.2), we 

have 

𝑀𝑝−1

𝑀𝑝
(𝑝 + 1) +  

𝑀𝑘−1

𝑀𝑘

∞

𝑘=𝑝+1

≤ 
𝑀𝑝−1

𝑀𝑝
(𝑝 + 1) + 𝐻𝑝

𝑀𝑝

𝑀𝑝+1

≥ 𝑙𝑝+1 

This implies that 𝑙𝑝 ≥ 𝑙𝑝+1 ⇒ 𝑙𝑝  is a decreasing 

(monotone) and automatically 

bounded. Now since 𝑀𝑝  satisfies the condition: there is a 

constant 𝐴 ≥ 1 such that 
𝑚𝑝

𝑃𝐴
≤

1

𝑙𝑝
≤
𝑚𝑝

𝑝
. Since 𝑙𝑝 ≤

𝑀𝑝−1

𝑀𝑝
, this implies that 𝑙𝑝 ≤

1

𝑚𝑝
. 

This gives us 
1

𝑙𝑝
≥ 𝑚𝑝 ⇒

𝑚𝑝

𝑝𝐴
≤

1

𝑙𝑝
≤
𝑚𝑝

𝑝
, for 𝑝 ∈ ℕ (1.2) 

Having established the fact that 𝑙𝑝+1 ≤ 𝑙𝑝 , let 𝑛𝑝 =
𝑝𝑙1

𝜄𝑝
. 
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From (1.2) , this implies that 
1

𝑙𝑝
=
𝑚𝑝

𝑝𝑙1
⇒ 𝑚𝑝 𝑙𝑝 = 𝑝𝑙1 , then 

we got 𝑛𝑝 =
𝑝𝑙1

𝜄𝑝
. 

Let 𝑁𝑝 = 𝑛0 × 𝑛1 × 𝑛2 ×⋯× 𝑛𝑝 =  𝑛𝑗
𝑝
𝑗∈ℕ0

=

 
𝑗𝑗 𝑙1

𝑙𝑗

𝑝
𝑗∈ℕ0

= 𝑙1 
𝑗𝑗

𝑙𝑗

𝑝
𝑗∈ℕ0

 with 𝑛0 = 1. 

Therefore, 𝑁𝑝  is equivalent to 𝑀𝑝  and satisfies condition 

(M.1): 𝑁𝑝
2 ≤ 𝑁𝑝+1𝑁𝑝−1  where 𝑁𝑝+1 = 𝑙1 

𝑗

𝑙𝑗

𝑝+1
𝑗∈ℕ0

 and 

𝑁𝑝−1 = 𝑙1 
𝑗

𝑙𝑗

𝑝−1
𝑗∈ℕ0

⇒ (𝑙1 
𝑗

𝑙𝑗

𝑝
𝑗∈ℕ0

)2 ≤

𝑙1 
𝑗

𝑙𝑗

𝑝+1
𝑗∈ℕ0
𝑙1 

𝑗

𝑙𝑗

𝑝−1
𝑗∈ℕ0

= 𝑙1
2 

𝑗

𝑙𝑗

𝑝+1
𝑗∈ℕ0
 

𝑗

𝑙𝑗

𝑝−1
𝑗∈ℕ0

. 

Then (𝑙1 
𝑗

𝑙𝑗

𝑝
𝑗∈ℕ0

)2 ≤  
𝑗

𝑙𝑗

𝑝+1
𝑗∈ℕ0
 

𝑗

𝑙𝑗

𝑝−1
𝑗∈ℕ0

 and also satisfies 

condition (M.2). Since 𝑁𝑝  is equivalent to 𝑀𝑝 , it implies also 

that 
𝑁𝑝

𝑝!
 satisfies condition (M.1) (that is, (

𝑁𝑝

𝑝!
)2 ≤

𝑁𝑝−1

𝑝!

𝑁𝑝+1

𝑝!
⇒

(𝑁𝑝)
2 ≤ (𝑝!)2 𝑁𝑝−1𝑁𝑝+1

(𝑝!)2 ⇒ 𝑁𝑝
2 ≤ 𝑁𝑝−1𝑁𝑝+1)  . It then 

follows from the above facts and the Gorny’s theorem 

(Mandelbrojt [2]) that 
𝑁𝑝

𝑝!
=  sup 

𝑡𝑝

 exp  (𝑁∗(𝑡))
, where 𝑁𝑝 =  sup 

𝑡𝑝

 exp  (𝑁∗(𝑡))
. 

Thus 
𝑁𝑝

𝑝!
=

1

𝑝!
𝑁𝑝  

                                 =
1

𝑝!
 sup 

𝑝! 𝑡𝑝

 exp (𝑁∗(𝑡))
 

=  sup 
𝑝! 𝑡𝑝

𝑝!  exp (𝑁∗(𝑡))
 

                              =  sup 
𝑡𝑝

 exp (𝑁∗(𝑡))
 

where𝑁∗(𝑡) is an associated function of the sequence 𝑁𝑝 . 

Conversely, the equivalence 𝑁𝑝 ∼ 𝑀𝑝  implies that 
𝑁𝑝

𝑝!
∼
𝑀𝑝

𝑝!
 and there are constants 𝐴, 𝐵 > 0 such that 

𝑁∗(𝐴𝑡) ≤ 𝑀∗(𝑡) ≤ 𝑁∗(𝐵𝑡) , 𝑡 ∈ ℕ (1.3) 

which indicates that the associated functions of the 

sequences 𝑀𝑝  and 𝑁𝑝  are equivalent from 𝐴𝑝𝑁𝑝 ≤ 𝑀𝑝 ≤

𝐵𝑝𝑁𝑝 . 

Therefore, 

(
1

𝐵
)𝑝
𝑁𝑝

𝑝!
=

1

𝐵𝑝
𝑁𝑝

𝑝!
 

=
1

𝐵𝑝
 sup 

𝑡𝑝

 exp (𝑁∗(𝑡))
 ≤  sup 

𝑡𝑝

 exp (𝑁∗(𝐵𝑡))
 

≤  sup 
𝑡𝑝

 exp  (𝑀∗(𝑡))
 (By applying 

1

𝑁∗(𝐵𝑡)
≤

1

𝑀∗(𝑡)
≤

1

𝑁∗(𝐴𝑡)
Big) 

= 𝑀𝑝
∗ ≤  sup 

𝑡𝑝

 exp (𝑁∗(𝐴𝑡))
=

1

𝐴𝑝
𝑁𝑝

𝑝!
 

1 𝑁 

Thus 𝑀𝑝
∗ ≤

1

𝐴𝑝

𝑁𝑝

𝑝!
, 𝑝 = 1 , 2, 3, ⋯  But since 

𝑁𝑝

𝑝!
∼
𝑀𝑝

𝑝!
. It 

follows that 𝑀𝑝
∗ ∼
𝑁𝑝

𝑝!
∼
𝑀𝑝

𝑝!
⇒ 𝑀𝑝

∗ ∼
𝑀𝑝

𝑝!
. Therefore 𝑝! ⊂ 𝑀𝑝 . 

Next we show that 𝑀𝑝
∗ ≃ 𝑀𝑝 . 

Given the associated functions 𝑀(𝑡) and 𝑀∗(𝑡) of the real 

sequences 𝑀𝑝  and 𝑀𝑝
∗  respectively as 𝑀(𝑡) =suplog (

𝑡𝑝

𝑀𝑝
) , 

for 𝑡 > 0 and 𝑀∗(𝑡) = suplog (
𝑡𝑝

𝑀𝑝
∗) . we 

want to establish 𝑀𝑝
∗ from 𝑀∗(𝑡) = suplog (

𝑡𝑝

𝑀𝑝
∗) . 

 exp (𝑀∗(𝑡)) =  exp  (suplog (
𝑡𝑝

𝑀𝑝
∗)) 

≤supexp ( log 
𝑡𝑝

𝑀𝑝
∗) =  sup 

𝑡𝑝

𝑀𝑝
∗ , exp (𝑀∗(𝑡)) =

1

𝑀𝑝
∗  sup 𝑡𝑝  

 

Thus 𝑀𝑝
∗ =  sup 

𝑡𝑝

 exp  (𝑀∗(𝑡))
 and 

𝑀∗(𝑡) =  sup  log 
𝑡𝑝

𝑀𝑝∗
 

=  sup  log 
𝑡𝑝

𝑀𝑝

𝑝!

 (𝑏𝑒𝑐𝑎𝑢𝑠𝑒  𝑀𝑝
∗ =
𝑀𝑝

𝑝!
) 

=  sup  log 
𝑝! 𝑡𝑝

𝑀𝑝
 

Let the sequence 𝑀𝑝  satisfies the condition (M.1), then the 

condition of strong non‐ quasi analyticity implies that for 

every 𝐿 > 0  there exists a constant 𝐶 > 0  such that ! ≤
𝐶𝐿𝑝𝑀𝑝 , 𝑝 ∈ ℕ0 = {0, 1, 2, 3, 4, }. 

Therefore 

𝑀∗(𝑡) =  sup  log 
𝑝! 𝑡𝑝

𝑀𝑝
≤  sup  log 

𝐶𝐿𝑝𝑡𝑝

𝑀𝑝
 

=  sup 𝐶𝐿𝑝𝑡𝑝 . 
Since 𝑀𝑝

∗𝑝! ∼ 𝑀𝑝 , we have 𝑀𝑝
∗𝑝! ≤ 𝑀𝑝

∗𝐶𝐿𝑝𝑀𝑝 ≤ 𝐶𝐿
𝑝𝑀𝑝 . 

Therefore 𝑀𝑝
∗ ≤ 𝐿𝑝𝑀𝑝 . Hence 𝑀𝑝

∗ ≃ 𝑀𝑝 . 
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