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Unification of Fundamental Forces

G. Anene, A.O. Obioha, J. N. Aniezi

Abstract— In this research, we used both statistical and
analytical methods to obtain relations that may suggestively
indicate unification of the four fundamental interactions. These

interactions include gravitational, electromagnetic, weak
(nuclear) and strong (nuclear) forces.
Index Terms— Blackhole masses, GUT Scale, Dirac

Equations, Klein-Gordon Equations.

|. INTRODUCTION

A unified theory of interaction, as it is generally
understood implies a description of the four fundamental
forces such as gravitation (between particles with mass),
electromagnetic (between particles with charge/magnetism),
strong interaction (between quarks) and weak interaction
(operates between neutrinos and electrons). Based on the
foundations of the Maxwell’s equations, Physicists are trying
to combine the four fundamental forces in a single
mathematical formulation. In the classical solutions of long
ranged interactions, work is done in some other studies
related to a unified Equation (Lalit et al., 2011).

Il. MATERIALS AND METHOD

We employed both statistical and analytical method to
obtain relations that may suggestively indicate unification of
the four fundamental interactions.

Statistical Data Analysis

Here, we first tried to use statistical data analysis to
obtain a relation that suggestively may unify the
electromagnetic and gravitational forces (Electro-gravity).
The data used in the analyses were obtained from Minfeng et
al. (2001), Sofia et al. (1999), Jong-hak and Megan (2002)
and Yi Liu et al. (2005).

The magnetic field energy density Uma;, of a source

emitting synchrotron radiation is given by Robson (1996).
dE _ 4 5
a3 oTcy Umag (1)

where E is energy, © is time, 9T is Thompson cross-
section, c is speed of light, ¥ is Lorentz factor. By definition,
dE
4t is luminosity. Therefore, assuming bolometric luminosity

Ba of the source, and taking ©T to be
6.65 x 107**m® Rohson 1996). Equation (1) may be written
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Umag = Lb?.]-
as: wrcy” 2
The last equation simply indicates that we can estimate the
value of the source magnetic field energy density once its
bolometric luminosity and jet speed are known. Moreover,

gravitational force, Fg of interaction of a given blackhole is
given by:
F,=2x10"°

®)
where k is Boltzmann constant, @ is solar mass, ™% is
mass of blackhole. Using equation (3), we also estimated
gravitational force of interaction of each source. Scatter plot

mkmg

R omy (Hawking, 1976)

of Fg against Umag was carried out and is shown in figure 1.
Analytical Method

We used analytical method to obtain a mathematical
model which suggestively may unify the four fundamental
interactions. It was suggested that in the unified theory of
interactions, Klein Gordon equation and Dirac equation are
the two powerful candidates for unification. The Dirac
equation includes the electromagnetic interaction (Wagener,
2009). Klein-Gordon and Dirac equations are analogs of the
Schrodinger equation which tries to make quantum
mechanics compatible with special relativity, unlike the
Schrodinger equation which is compatible only with Galilean
relativity (Slawianowski and Kovalchuk, 2002).

. RESULTS

With a good correlation coefficient (& = 0-6) from the
plot in figure 1 below, we obtained an equation given by:
logh, = —0.740log U, +45.46 (4)

Simplifying, we obtain: & = (2.884 x 10%%)Uzzg"
(®)
The last equation simply suggested that F varies with
Unnag according to the relation:

~ _I’I’I
B~ (6)

mag

where ¥ = 0.74 js the slope of the plot.
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Scatter Plot of Log Fg vs Log
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Figure 1: The plot of unification of gravitational and
electromagnetic interaction
For the analytical method, our attempt was first, to
derive the Dirac equation. Therefore, we started by using the
equation of energy and momentum operators (Rosen, 1994),
which are shown below respectively.

- 3
E=ih e
@)
g = —ihV (8)

. i |.-|F'|. + -

ie. B= { -i‘xj where L is the Dirac constant

F‘.
measured in J.s (i.e = ).
By definition, # =T +V or H =T +V (ie. in terms of
operator) 9)

i _ 5 R g
where wm Im Im

(10)
However, in a zero potential field, V&) =0 hence
equatlon (9) and (10) yield:

A= (12)
Recalling £° =c*f* + (mc?)’
(12)
From relativistic quantum mechanics, we noted that:
Ely=Hy (13)
where £ is a real number called the energy of state.
Equation (13) is the eigenvalue equation of the operator H.

)
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(Huegele et al., 2014)

the application of & on the eigenfunction ¥ yields the same
function, multiplied by the corresponding eigenvalue E The
allowed energies are therefore the eigenvalues of the operator
H

Putting equation (8) into equation (12), we have:

i = c?(—ihV)* + (mc?)? (14)

The new Schrddinger equation for this becomes:

= [*(—ihV)* + (mc®’lp = By (15)

by multiplying through with the wave function ¥

where wix, t) = dexpilhx — wt) (16)

Hence, equation (15) is called the Klein-Gordon equatlon

Pollock (2010) suggested that: Hoir = €@.F + Bme”

a7

The square of this has to be the same as the Klein-Gordon
Hamiltonian (Mrato 18917,

Hiy = 'p + (mye®) (18)

where, E, p, ™o are the energy, momentum, and rest mass
energy respectively and i 21d £ are matrices.

A set of vectors @i} s orthogonal if any pair of two
separate elements is orthogonal, that is, ‘- 8) = 0 for i # J,
In particular, the set is orthonormal if in addition each of its
elements is a unit vector.

Thus, Hawr = ¢*(@.8)* + B2 (mc?) = c’p® + (myc?)?

(19)

Therefore,

{&@: = Ei_i' il Py = %E[_i'[ﬂiaj + ﬂ_i'ai] Bp = ,"3‘:

(20)

1
This s ; loie + ] = 6

possible
(21)

where @i and £ cannot be ordinary numbers but matrices

only if

and %1 is the kronecker delta function.
To obtain the final Dirac equation, we use the energy
relation of a spin -1/2, charge particle (q = -€), which can

bound in an electromagnetic potential, A (. t]; and can be
written in linear form as:
’}’n'::E—gﬂn}—l’-(ﬁ—?ﬂ)c—mc‘:[I 22)

where ¥r and ¥ are matrices, and using the

anticommutation properties of the ¥ matrices, we get the
relativistic energy-momentum relation:

ﬁ=(p—fﬂ_)c—eﬂn+mc: +,[2Eed, 23)
The equation (23) is then multiplied by the wave function
¥ to get:
Ep=((p-24)c—ap + me* + J2EaA; Jy
(24)
noting that e = ¢.

Relating How = ¢d-p +pme’ PTP—CA4 4
Eyp =it

L ¢ (Comay, 2005) with equatlon (24), we obtained:
'ﬁaal: (ca(p——ﬂ)—g¢+gmc +,/2Eed, )T.f‘
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(25)
where ¢8 =[me]l =lep]l = energy @ js the
electrostatic potential, A is the vector potential, * is the speed
of light, p is the momentum, R is Dirac constant and

oy are the 2 X 2 payli matrices.

Our Newtonian-type model of gravitation is based on a
lagrangian:

L =—mylc? —vile

R/r (26)
where ™o is gravitational mass of a particle, © is speed of
2GM
light, R is the Schwarzschild radius which isequalto * , G
is the gravitational constant, M is the mass of a massive

central body, ¥ is speed of the test particle relative to the
central body, and ris distance of the test particle from the
central body (Wagener, 2007).

The energy, E of a particle can be derived from the
Lagrangian:

” BT P —
E =myc"— = mc’e™"
@7)
noting that E = -L.
1
T = | = . L]
177 5 m=— .
where ¥ and ¥ . ™ is also useful to
define a variable gravitational mass (Wagener, 2003 ),
E =mcie®'" (28i)
Similarly, to the photo-electric effect or for the
electromagnetic energy( Wagener, 1887
EE = ,ﬁicﬂgi"ﬁ.’r

(28ii)

From equation (28i:|, it was noted that ™ decreases with
velocity for the systems. In the case of a planet, such as
mercury, it describes not only an elliptical path for the planet,
but also a precession of the ellipse (Wagener 2007). This

relation relates the kinematical energy, E of special relativity
to the frequency of a photon (Hugh and Roger 2004}
F =mc*= hv (29)
(30)
The quantity, M js the electromagnetic mass of a particle,

and it varies with rest mass ™ according to equation (30)
(Hasan, 2011).

The above relations for F, as well as the link between
electromagnetism and the kinematics of special relativity

persuade one to associate E with the electromagnetic energy
of a system. Therefore, substituting equation (28ii) with

equation (390 we obtain:

M=y,

I e ~ 2 miar
Fo=mnc‘?=mc‘e =
= o 1-1? gl

31)

in terms of P, equation (31) become:

- T E";EI-E"".:L & et
E, =y —== Ee®s!
s 4 1-v? el

(32)
where we used the general potential:

GM R
=TT (33)
r \
WVUIR
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Deriving for energy relation for the strong and
gravitational interaction:

By applying Maclaurin’s series to the energy constant

(E = mcZe®T).

terms, we

and
obtain:

generated from the lagrangian above
taking the first and second

E:mc‘(l+;) (34)
Factorizing equation (34), noting that:

“xp G) - (i +1 I:Wagener, 2005), we get:

E = mi:; exp (g) (35)

Also, repeating using the same procedure for the

electromagnetic energy in equation (28ii), we obtained:
o,

E,=——exp(r/y)

(36)
where, ™ is the electromagnetic mass of the particle, r is
distance of the test particle from the central body,

Meac® s the classical electron radius, ™ =% = I |;
and M=o is the electromagnetic rest mass of the electron.

==

Therefore, equation (36) can be written as:
¢ r

E, = —* -—

T TP rq] 37)

where @7 is defined as: @ = M¢'% = E (3g)

By substituting equation (30) into equation (38),

we obtain: @7 = riftec’y (39)

where Q is some effective charge of strong interaction, ’-’ﬁ
is the mass of the particle (the carrier of interaction), " is the

radius related to the particle under consideration, E: is the
total electromagnetic electron energy.

The strong and the gravitational interaction potential given
in the equation (37) has the form of the Yukawa potential and
can be directly placed in the Dirac equation (see equation
25).

5 DU + 8 F 7 e
{Eﬁa—tjm = [ca.(§ —24) —e® + pmc? + [2Fed; -

(40)

When "3 is too large, the effective energy comes from the
gravitational force. The Dirac equation reduces to the form:
- E_I*- - _ :-"i"’.ul::i"q —i’."'i’q :
M N )

Taken distance as '@ * " and integrating, we obtain the

wave function ¥ as: ¥~ eMec /e (42)

This is the wave character of the gravitational forces.
Therefore, the wave function given by equation (42)
describes the wave structures of both the gravitational and the
strong interactions.

The interaction of the particles for a so much charged, mass
concentrated, and highly energetic space can be described by
a single equation as:

(72 sog = [ca. (F —24) — 62 + pmc? + [2Eed, -

' —r.-"r.-]
2 l "
i e T

(43)
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where the factor 2 describes the combination of the strong
and the gravitational forces for such a space.
Lagrangian of weak local interaction of the charged
leptons
Introducing the weak interaction, we then start with
lagrangian of weak local interaction. This theory is based on
the lagrangian that does not contain the particle masses. The
particle masses arise after the introduction of a scaler field
which interacts leptons and gauge fields (Hagiwara et

al.,1993).
The lagrangian of massless left- handed leptons is given by
(Murray 1959)
L) =i ¥ Liytdy, L (44)
. = it L = i 1 a _E 5,
where 11~ Gl =0 , v =0 +vPw

L =20+
The lagrangian of the weak local interaction of the charged
|ept0ns is given by {PD“EI'E]. 196‘1‘] and {BFEEL{ 1983]

Llh"l = 24/ 75 Ji.-lh“l +f£11ﬁ

(45)
and
jom =t [mﬂ + % + G, (1 + vy + 71,01 +
T’E:]V!] = ;ZL '[T'l:{l + TE‘:]UE

(46)
where &F is the universal fermi constant and also called the

strength coupling of weak interaction, I nlim is the four
current, ! = € 1.7 for electron, muon, tau respectively and
Vi = ¥, % ¥ for their neutrino. The virial theorem states
that the potential energy of the system is twice the kinetic
energy of the system in minus sign (Parker 1954). Since the
Lagrangian in classical mechanics is written by:

L=T-VFV (47)

The total energy is: £ =T +V (48)

where ¥, is the virial theorem which is shown as: ¥ = 2T

(49)
Substituting equation (49) into (48), we obtain; £ = 3T
(50)

Also, substituting equation (49) into (47), we obtain:
L=-T (51)

Multiplying through by the negative sign, we obtain:
Tr'=-L (52)

Therefore, substituting equation (52) into (50) we obtain:
E =-3L (53)

Then, substituting equation (45) into equation (53) the total
energy of the weak interactions, in terms of the Lagrangian,
can be written as (Pollard 1964 )

—
E=-3 (2 26,7, +Ji';“"]
(54)

¥

g

where O =z (55)
“g” is effective charge of the weak interaction and “m” is
the mass of test particle relative to the central body.

Incorporating equation (54) into equation (43), we obtain:

0
' JIR

(bh""jﬂgm = |ca.(P —24) - e® + pmc? + [2Fed; -

E‘

"

]

g ! _3(7 I7G.Ir,1m+_|r:,m ]ﬂ,

(56)
as a result, the unified equation of interactions is obtained
as equation (56)

The last term in this equation describes the weak
interactions with the neutrinos dynamics. The equation (56)
includes the weak, electromagnetic, gravitational, neutrinos
and the strong interactions where the strong and the
gravitational interactions are thought to be unified for the
considered space.

IV. DISCUSSION

The unification was conducted using two methods,
Statistical method and Analytical method. Statistically, we
obtain from the result of the linear regression a good
correlation coefficient of 0.6. (Figure 1). Equation 6
suggestively indicates that gravitational and electromagnetic

interactions relate; noting that % is gravitational interaction,

Umag s the electromagnetic interactions and ¥ = 0-74 s the
slope of the plot.

Analytically, unification of the four fundamental forces
was obtained by introducing Dirac equation as a strong
candidate for unification process. The energy relation of
strong and the gravitational interaction, was derived
(equation 36). Therefore, the derivation governs the
gravitational and strong interaction (known as Yukawa
potential). Therefore, the wave function as given by equation
(42) describes the wave structures of both the gravitational
and the strong interactions and was put into the Dirac
equation for unification.

In order for the motion of the system to be
bounded, the virial theorem was introduced and was written
in the relativistic form. Therefore, the virial theorem has to be
used to convert the lagrangian of the weak interactions to the
form of energy

(equation 54); and the unified equation of interactions was
derived as equation (56) to describe the true universe.

In comparison, Wagener (2009) limited its scope on
unifying the three fundamental forces: Gravitation,
Electromagnetic and the strong force with the help of the
derivation of the Yukawa potential, without the Dirac
equation of unification. In this work, attempt was made to
unify the four fundamental forces with the use of classical
electron radius into the strong nuclear interaction and the
virial theorem into the lagrangian of the weak nuclear
interaction for a proper bound of the unification into the Dirac
equation as a strong candidate of unification.

V. CONCLUSION

At unification of fundamental forces, the high energy
structure of the universe needs the validity of the four
fundamental forces. As a result, the Dirac equation is a strong
candidate for unification of the four fundamental forces. In
addition, the unification process obtained from the
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extragalactic source for gravitational and electromagnetic
interaction, accounted for a good correlation coefficient
which indicates validity of the both interaction.
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